We give a simple argument to show that, in one dimensional quantum mechanics, the n-th wavefunction has n − 1 nodes, and show that if n1 < n2, then between two consecutive zeros of ψn 1 there is a zero of ψn 2 .
(o)
k (x; ) ∝ sin(kπx/ ), k = 1, 2, . . ., and ψ (e) k (x; ) ∝ cos((2k + 1)πx/2 ), k = 0, 1, 2, . . ., where the superscripts (e) and and (o) refer to the even/odd parity of the wavefunctions. Clearly, ψ n (x; ) has n − 1 nodes between − and , where it vanishes. Let us focus on the ground state wave function for the time being, which we may assume to be positive, by multiplying by −1, if necessary. This means that ψ 1 (− ; ) > 0 and ψ 1 ( ; ) < 0.
Imagine now that we separate the "walls" by increasing a. The wave-function ψ 1 (x; a) will become a better and better approximation to the true ground-state wave function, starting from a wave-function without any nodes. Can this wave-function develop a node between ±a, for some a? If this is the case, then there are two possibilities: either, 1) at least one of the derivatives at ±a must change sign; or, 2) the derivatives at ±a do not change sign, but the wave-function develops two zeros through its deepening at some point between −a and a. In both cases there will be a critical value of a such that the wave-function and its first derivative vanish at the same point. In case 1) this happens at one of the points at the boundary, and in case 2), there must be a value of a such that the wave-function touches the real axis just before the wave-function dips down and develops two zeros, and therefore has zero value and zero slope there. But since the Schroedinger equation is a linear, second-order, ordinary differential equation, it has a unique solution, given the value of the function and its derivative at the same point. But if the solution and its first derivative are zero at the same point, one concludes that the wave-function must be identically zero. Since we are assuming that there is always a non-trivial solution of the Schroedinger equation for any value of a, we conclude that in both cases the ground-state function can develop no nodes.
The
There are cases, of course, where the potential can support only a finite number of bound-states, say N . What happens to the wave functions with n > N ? As we separate the walls, some of the wave functions go to zero, through the spreading apart of the zeros as a → ∞, and the positive energy states become the continuum spectrum. This can be seen clearly in the case of the potential well with two walls, as discussed in problems 25 and 26 of Flügge's book 9 . Finally we should mention that it is quite straightforward to show that between two consecutive zeros of the n 1 -th wave-function there is a zero of the n 2 -th wave-function, for any n 2 > n 1 . This can be proved as follows: from the Schroedinger equation for ψ n1 and ψ n2 , one readily sees that (ψ n1 ψ n2 − ψ n2 ψ n1 ) = (E n2 − E n1 )ψ n1 ψ n2 . If ψ n1 has two consecutive zeros at x 1 and x 2 , we may assume that ψ n1 is positive in this interval. If ψ n2 does not vanish in this interval, we may also assume it is positive. Integrating from x 1 to x 2 , and noting that ψ n1 (x 1 ) > 0 and ψ n1 (x 2 ) < 0 we arrive at a contradiction. Therefore ψ n2 has a zero between two consecutive zeros of ψ n1 . Since we have shown that ψ n has n − 1 zeros, if we take ψ n and ψ n+1 , this result shows that the zeros of the wavefunctions are simple. This, together with the previous results, gives a fairly good description of the node structure of wavefunctions.
As a last remark we should remark that the method presented can also be applied to establish that the ground-state wave-function has no nodes in dimensions higher than one. All one has to do is to consider an infinite potential well around the origin, similarly to what we have done here, and separate the walls. Since the ground-state wave-function stars with no node, it can develop no nodal lines, for reasons similar to what we have just discussed.
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